A family of tests for the presence of regression effect under proportional and non-proportional hazards models is described. The non-proportional hazards model, although not completely general, is very broad and includes a large number of possibilities. In the absence of restrictions, the regression coefficient,   
Introduction

Background
The complex nature of data arising in the context of survival studies is such that it is common to make use of a multivariate regression model. Cox's semi-parametric proportional hazards model [3] has enjoyed wide use in view of its broad applicability. The model makes the key assumption that the regression coefficients do not change with time and much study has gone into investigating and correcting for potential departures from these assumptions [4] [5] [6] [7] [8] [9] [10] . Sometimes we can anticipate in advance that the proportional hazards model may be too restrictive. The example which gave rise to our own interest in this question concerned 2174 breast cancer patients, followed over a period of 15 years at the Institut Curie in Paris, France. For these data, as well as a number of other studies in breast cancer, the presence of non-proportional hazards effects has been observed by several authors. Often this is ignored but this can seriously impact inferences.
The model used to make inferences will then often differ from that which can be assumed to have generated the observations. In situations of non proportional hazards, unless dealing with very large data sets relative to the number of studied covariates, it will often not be feasible to study the whole, possibly of infinite dimension,   t  .
Xu and O'Quigley [11] argue that an estimate of average effect can be used in a preliminary analysis of a data set with time varying regression effects. For a given sample, a single average effect can be estimated more accurately (and more easily) than the whole . Xu and O'Quigley [11] [2] . We show that the usual partial likelyhood score test arises as a special case. Large sample theory is straightforward. dom variables of interest are the failure time, i , the censoring time, and the possibly time dependent covariate, , We view these as a random sample from the distribution of T, C and
Z  . It will not be particularly restrictive and is helpful to our development to assume that T and C have support on some finite interval. The time-dependent covariate   Z  is assumed to be a predictable stochastic process and, for ease of exposition, taken to be of dimension one whenever possible. Let     
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The counting process i is defined as, and we also define
responds to the value j t where
It is of notational convenience to define 1 , in words a continuous function equal to zero apart from at the observed failures in which it assumes the covariate value of the subject that fails. The number of observed failures k is given by
k N   If there are ties in the data our suggestion is to split them randomly although there are a number of other suggested ways of dealing with ties. All of the techniques described here require only superficial modification in order to accommodate any of these other approaches for dealing with ties.
Models
Insight is helped when we group the models together under as general a heading a possible. The most general model is then the non proportional hazards model written,
where   
ing the same dimension as   Z t . In order to avoid problems of identifiability we assume that   Z t , if indeed time-dependent, has a clear interpretation such as the value of a prognostic factor measured over time, so that   t  is precisely the regression effect of   Z t on the log hazard ratio at time t. The above model becomes a proportional hazards model under the restriction that
O'Quigley and Stare [12] introduced the name "partially proportional hazards models" to describe models in which at least one component of the function   t  is constrained to be constant. Such models can be shown to include the stratified proportional hazards model [13] whereby;
as well as random effects models [12] .
Model Based Probabilities
The probability structure of the model, needed in our development, is described in O'Quigley [1]. We recall the main results in this section. Most often time is viewed as a set of indices to certain stochastic processes, so that, for example, we consider   Z t to be a random variable having different distributions for different t. Also, the failure time variable T can be viewed as a non-negative random variable with distribution   F t and, whenever the set of indices t to the stochastic process coincide with the support for T, then, not only can we talk about the 
 , the product of the 's over the observed failure times gives the partial likelihood [3] . When
is the empirical distribution that assigns equal weight to each sample subject in the risk set. 
Note that when censoring does not depend upon z then   
Proof. 
Corollary 2. For a conditionally independent censoring mechanism we have
Again simple applications of Slutsky's theorem shows that the result still holds for   t  replaced by any consistent estimate. When the hypothesis of proportionality of risks is correct then the result holds for the estimate  . Having first defined , it is also of interest to consider the approximation;
and, for the case of an independent censoring mechanism,
For small samples it will be unrealistic to hope to obtain reliable estimates of   t  for all of t so that, often, we take an estimate of some summary measure, in par- 
The definition enables us to make sense out of using estimates based on (1.2) when the data are in fact generated by (1.1). Since we can view T as being random,
is not constant, we can think of having 
in [2, 11] and, in the light of the foregoing, we can take these as estimates of  . We also have the further two corollaries to Therorem :
Further n under the model, if more, agai we let once
Theorem 1 and its corollaries provide the ingredients
Important Empirical Processes
i [14] ; necessary to a construction from which several tests can be derived.
Consider the partial scores introduced by We showed that we could work with a much broader class of statistics that those based on the score so that a wide choice of functions, potentially describing different kinds of departures from the model, are available. Apart from the two group case, limiting distributions are complicated and usually approximated via simulation. Although the driving idea is that of goodness of fit, the same techniques can be applied to testing for the presence of regression effects against a null hypothesis that   0. t   Furthermore, working directly with the incremen process rather than the process itself, we can derive related processes for which the limiting distributions are available analytically. From the previous section the increments of the process . Thus only the existence of the variance is necessary in order to carry out appropriate standardization and to be able to appeal to the functional central limit theorem. We can then treat our observed process as though arising from a Brownian motion process. Simple calculations allow us to also work with the Brownian bridge, integrated Brownian motion and reflected Brownian motion, processes which will be useful under particular alternative to the model specified under the null hypothesis. Consider the process
. This process is only defi d points o ned on k equispace f the interval (0, 1] but we extend our definition to the whole interval via linear interpolation so that, for u in the interval j k to  
As n goes to infinity, under the usual C     rowley conditions, then we have that, for each j [16, 17] provide that the increments
, ,
as k becomes large. Apart from the necessity for the exReplaci istence of the third moment of Z we also require that, as k increases, the fluctuations of the process   , U u  between successive failures become sufficien ll in probability, the so called tightness of the process [18] . We can assume this holds in real applications. We then conclude from Donsker's theorem that   could make this intuitive idea more precise if needed. For this case we would expect, again, the procedure to work well. The second case of interest is where
changes over the time period in question in a way that s no obvious pattern or trend. We would not expect to be able to detect such behavior and the power of the test procedures would be low. We would most likely conclude that there is no effect, a conclusion that, even though not correct, would be reasonable, at least as an approximation. 
. This process ca cover le interval n be made to the who (0, 1] continuously by interpolating in exactly the same way as in the previous section. For this process we reach the same conclusion, i.e., that as n goes to infinity, under the usual Breslow and Crowley conditions [17] , then we have that, for each j The issue is that of having consistent estimates, which for an infinite dimensional unrestricted parameter we can not achieve. The solution is simply to either restrict these functions or to work with the stratified models in which we do not need to estimate them. Subsection 3.1 applies equally well here if we replace lds.
 and  by   
Test Statistics
e process are asymptotically independent we will treat
Several tests of poin based on the theory of the previous section. These tests can also be used to construct test based confidence intervals of parameter estimates, obtained as solutions to an estimating equation. Among these tests are the following.  , we can deduce that a good app for this w uld be Brownian motion with drif this is the a good test for absence of efroximation o t. At time t n fect (Brownian motion) against a proportional hazards alternative (Brownian motion with drift), good in the sense that type I error is controlled for and, under these alternatives, the test has good power properties. Power will be maximized by using the whole time interval, i.e., taking 1. t  Nonetheless there may be situations in which we may opt to take a value of t less than one. If we know for instance that, under both the null and the alternative we can exclude the possibility of effects being persistent beyond some time  say, i.e., the hazard ratios beyond that point should be one or very close to that, then we will achieve greater power by taking t to be less than one, specifically some value around  . A confidence interval for 0  can be obtained using normal approximations or by constructing the interval   wer comparable to carrying out a two sided rather than a one-sided test. Under non-proportional hazards alternatives this test could be of use, an extreme example being crossing hazards where the usual score test may have power close to zero. As the absolute value of the hazard ratio increases so would the maximum distance from the origin. n alternative so that a distance from the oriht have reasonable power. In practice we may not have any ideas on a potential point of reflection. We could then consider trying a whole class of points of reflection and choosing that point which results in the greatest test statistic. A bound for a supremum type test can be derived by applying the results of Davies [19, 20] . Under the alternative hypothesis we could imagine increments of the same sign being added together until the value r is reached, at which point the sign of the increments changes. Under the alternative hypothesis the ab-and where   [23] .
Brownian Bridge Test
Davies also suggests an approximation in which the autocorrelation is not needed. This may be written down as   any value greater than the largest failure time. We would though require differe rocedures for this. 
Partial Likelihood Score Test
Multivariate Model a g
In practice it is the multivariate setting that we are most existence of effects in the interested in; testing for the presence of related covariates, or possibly testing the combined effects of several covariates. In this work we give very little specific attention to the multivariate setting, not because we do not feel it to be important but because the univariate extensions are almost always rather obvious and the main concepts come through more clearly in the relatively notationally uncluttered univariate case. Nonetheless, some thought is on occasion required. The basic theorem giving a consistent estimate of the distribution of the covariate at each time point t applies equally well when the covariate   Z t is multidimensional. Everything follows through in the same way and there is no need for additional theor ms. In the multivariate case the product Z t Z t a ulti-diment time t. As for any m and instead of
